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ABSTRACT: We consider double-scaling limits of multicut solutions of certain one matrix
models that are related to Calabi-Yau singularities of type A and the respective topologi-
cal B model via the Dijkgraaf-Vafa correspondence. These double-scaling limits naturally
lead to a bosonic string with ¢ < 1. We argue that this non-critical string is given by the
topologically twisted non-critical superstring background which provides the dual descrip-
tion of the double-scaled little string theory at the Calabi-Yau singularity. The algorithms
developed recently to solve a generic multicut matrix model by means of the loop equations
allow to show that the scaling of the higher genus terms in the matrix model free energy
matches the expected behaviour in the topological B-model. This result applies to a generic
matrix model singularity and the relative double-scaling limit. We use these techniques to
explicitly evaluate the free energy at genus one and genus two.
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1. Introduction

In ], the large N limit of a class of N/ = 1 supersymmetric U(NN) gauge theories was
studied. The theories are in a partially confining phase where an abelian subgroup G of
the gauge group remains unconfined. The large N spectrum contains the usual weakly
interacting glueballs, which are neutral under G, and also baryonic states which are elec-
trically and magnetically charged with respect to G, whose mass grows like N. The models
studied include the S-deformation of NV = 4 Super Yang-Mills and N' =1 SYM coupled to
a single adjoint chiral superfield with a polynomial superpotential. At some isolated points
in the parameter/moduli space of the models, these baryons can become massless, and this
causes the 1/N expansion to break down. However, it is possible to define a double-scaling
limit in which N goes to infinity and the mass Mp of these states is kept constant. The
crucial feature of this double-scaling limit is that there is a sector of the Hilbert space of
the theory which decouples from the rest and has finite interactions which are weighted
by the double-scaling parameter 1/Nog ~ VT /Mp, where T is the tension of the confining
string. Furthermore, it was proposed in [fl] that the dynamics of this emergent sector has
a dual description given in terms of a non-critical superstring of the type introduced in [g].
This dual formulation has the virtue that the worldsheet theory is exactly solvable and
that the background is free from Ramond-Ramond fluxes.



The exact vacuum structure and F-terms of the N' = 1 models with an adjoint chiral
field and a polynomial superpotential can be analyzed by means of the Dijkgraaf-Vafa
matrix model correspondence [f—f]. Indeed the proposal of [l is based on a careful analysis
of these F-terms. The breakdown of the 1/N expansion corresponds to a singularity of the
matrix model spectral curve and therefore of the dual Calabi-Yau. The baryon states that
become massless correspond to D3-branes wrapping shrinking 3-cycles in the Calabi-Yau.

In [{], this analysis was extended to a more general class of singularities. Again, it was
found that at these particular points in the moduli space certain states become massless
and that in a suitable double-scaling limit, where the mass of these states is kept fixed,
a particular sector of the theory emerges with interactions governed by the double-scaling
parameter. There are two novel features in these models. First of all, contrary to the cases
considered in [}, there is no supersymmetry enhancement in the double-scaling limit. This
is signalled by the fact that the glueball superpotential does not vanish in the interacting
sector. In fact, this is also one of the reasons why the dual string background is not
determined explicitly. Secondly, in [f]], some or all of the states that become massless are
neutral under the abelian subgroup G' of the U(N) theory which remains unconfined. As
a consequence, the presence of these extra massless states may not affect the coupling
constants of G but is captured by the higher genus terms of the matrix model free energy
as in [[{]. These terms control certain F-term interactions of the glueball fields with the
graviphoton and gravitational backgrounds [g, f.

Another important feature that emerges from the analysis of [[] is that these large N
double-scaling limits correspond to double-scaling limits of the Dijkgraaf-Vafa matrix model
of the same kind that was considered in the ”old matrix model” era to study ¢ < 1 systems
coupled to two-dimensional gravity [[[(]. In particular, in [fi] it was shown that the double-
scaling limits have a well-defined genus expansion in the sense that the genus g free energy
of the matrix model Fy, scales like A?2729 ~ M;{QQ [f]. On the other hand, the singularities
and double-scaling limits considered in [fl], [f] generally fall into different universality classes
from the ones usually considered in the old matrix model. It is natural to ask what is the
bosonic non-critical string that corresponds to these matrix model double-scaling limits and
what is the relation between the bosonic non-critical string and the non-critical superstrings
that enter in the dual description of the models considered in [f[]. The answer to the first
question is provided by the Dijkgraaf-Vafa correspondence [, [L1], [[J] that states that a
generic one matrix model with superpotential W (®) is mapped to the topological B model
on a non-compact Calabi-Yau of the form

uv + 32 + W'(z)? + deformations = 0 (1.1)

In taking a double-scaling limit, we tune the parameters of the superpotential and the
deformation polynomial so that we are in the neighbourhood of a particular singularity of
the above family of Calabi-Yaus. For instance in [[I] we are close to an A,_; singularity

w -ty =a"—p, (1.2)
whereas for the (2,2p + 1) bosonic minimal model coupled to 2d gravity we would have

w +y* +a(r—e)?. (z—e)?=0. (1.3)
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Figure 1: The bosonic non-critical string defined by the matrix model double-scaling limit at an
A,_1 singularity corresponds to the A-twist of the above SL(2)/U(1) x LG worldsheet theory.

Therefore, we conclude that the bosonic non-critical string corresponding to the matrix
model double-scaling limit of [l is the topological B model at an A, 1 singularity. The
case n = 2 corresponds to the conifold singularity.

A check that this is consistent is provided by the fact that the scaling of the matrix
model free energy F, ~ A?729 matches exactly the scaling of the topological B model free

2—2g
Ftop,g ~ </ Q> qg > 1 (14)

where 2 is the holomorphic 3-form on the Calabi-Yau [d]. In fact, the double-scaling

energy

parameter A corresponds precisely to the holomorphic volume of the 3-cycles that vanish
at the singularity. This is in turn proportional to Mg, the mass of the baryonic states, which
come from D3-branes wrapping the shrinking supersymmetric 3-cycles. Furthermore, the
fact that in the double-scaling limit F, ~ A%729 is a general result, it does not depend on
the particular class of singularities one considers. It was derived in by means of the
recent algorithms to solve matrix models based on loop equations [[[3, [4]. These allow
to consider more general classes of singularities than were previously accessible via ”old
matrix model” techniques.

The non-critical superstring backgrounds that appear as dual to the large N double-
scaling limits studied in [f[] are of the form

2n

R*! x (SL(2)x/U(1) x LG(W = X™) /Z, k= —

(1.5)

where LG(W) denotes a Landau-Ginzburg theory with superpotential W. They were
initially introduced in [[J] as holographic duals to the 4d double-scaled Little String Theory



(DSLST) at a CY singularity of type A,_1, generalizing the proposal of [If] and previous
work [[[7, [[§]. The non-trivial part of the above background has central charge

k+2 n-2
+

A A A — 3 1.6
C Cs1 + CLG L n ) ( )

and it corresponds to the geometry [[[]]
pz Ftuww+t 42" =0, (1.7)

where z,u,v,y, z are homogeneous coordinates. This is equivalent to ([.).

We argued, using the Dijkgraaf-Vafa correspondence, that the matrix model double-
scaling limits considered in [[]] are equivalent to the topological B model at an A, singu-
larity (.Z). On the other hand, the matrix model captures the F-terms or topological terms
of the 4d DSLST [[] which are given by the topological sector of the SL(2)/ U(1) x LG back-
ground ([L.§)), [[[§]. Therefore, we expect the non-critical string defined by the matrix model
double-scaling limits to be associated to a topologically twisted SL(2),/U(1) x LG(X™)
background.

This proposal fits nicely with certain known results about the topological twist of the
above background in the conifold case, n = 2, where the LG model is trivial. In fact
in [2d], Ghoshal and Vafa argued that the A-twisted N = 2 SL(2)/U(1) supersymmetric
coset describes the topological B model on a deformed conifold. In [}, Mukhi and Vafa
had previously shown that the above A-twisted coset at level 1 is equivalent to the ¢ =1
non-critical bosonic string compactified on a circle at self-dual radius. The open and closed
sides of this map were recently analyzed in [BJ]. Therefore, as a direct generalization of
the conifold case, we expect that the non-critical bosonic string defined by the double-
scaling limit of [l at an A,_; singularity should correspond to the A-twist of the above
SL(2)/U(1) x LG theory. In particular, for n = 2, the matrix model double-scaling limit
should be equivalent to the ¢ = 1 string. This fact can be checked directly on the matrix
model side. Indeed, in the limit, the matrix model spectral curve becomes equivalent to
that of a Gaussian model [fJ] which is equivalent to the ¢ = 1 non-critical string [f]. This
particular singularity is obtained from a 2-cut solution with a cubic superpotential in the
limit where the two cuts touch each other. The fact that this singular limit should be
related to the ¢ = 1 non-critical string was also observed in [J].

The relation between strings on non-compact Calabi-Yaus and non-critical superstring
brackgrounds [[9, [§] involving the N = 2 Kazama-Suzuki SL(2)/ U(1) model or its mirror,
N = 2 Liouville theory [, B4, PJ], has been studied by several authors (see [R§-Pg§] and
references therein).

Furthermore, the relation between the topological sector of six-dimensional DSLSTs
defined at K3 singularities, the dual topologically twisted non-critical string backgrounds
which generalize ([L.§), and certain non-critical bosonic strings, the (1,n) minimal bosonic
strings has been recently studied in R9-BI]| (see also [B[B4] for related matters).

In the paper, we are going to use the matrix model double-scaling limit to study the
relative topological B model and non-critical bosonic string. In section f, we will review
the matrix models studied in [f, f] and the respective double-scaling limits. In section [,



we will review the proof that the genus g matrix model free energy F, goes like A%729 a5
shown in [[]. As we said, this argument applies to a general matrix model double-scaling
limit and shows that the scaling of Fj is consistent with the expected behaviour of the
topological B model free energy Fy iop ~ ( Il 9)2729 H. In section f], we will evaluate the
genus one free energy F) at the A,,_1 singularities considered in [f]]. This gives information
on the states that become massless at the singularity. In section [, we compute the genus
two free energy relevant to the matrix models considered in [f]]. The result shows concretely
how the double-scaling limit of F5 depends on the details of the near-critical spectral curve.
In the conifold case, the near-critical curve is a Riemann sphere and the general expression
simplifies drastically and matches the well-known result.

2. The double-scaling limit

In this section, we will review the matrix model singularities and relative double-scaling
limits studied in [, f]. Consider an /' =1 U(N) theory with a chiral adjoint field ® and
superpotential W (®). The classical vacua of the theory are determined by the stationary
points of W (®)

W(®) = NTry

1
Zg—?qﬂ] . (2.1)
(2
=1

The overall factor N ensures that the superpotential scales appropriately in the 't Hooft
limit. For generic values of the couplings, we find ¢ stationary points at the zeroes of

l
W'(x) = Ne H(x —a;) , €= gogq - (2.2)
i=1

The classical vacua correspond to configurations where each of the NV eigenvalues of ® takes
one of the ¢ values, {a;}, for i = 1,...,¢. Thus vacua are related to partitions of N where
N; > 0 eigenvalues take the value a; with Ny + No +--- Ny = N. Provided N; > 2 for all
i, the classical low-energy gauge group in such a vacuum is

4 l
[Tu@: x suw) . (2.3)

i=1 i=1

(SD>
I
—
=
z

2

Strong-coupling dynamics will produce non-zero gluino condensates in each non-abelian
factor of Go. If we define as W,; the chiral field strength of the SU(N;) vector multi-
plet in the low-energy theory, we can define a corresponding low-energy glueball superfield
S; = —(1/3272)(Trn,(Wa; W) in each factor. Non-perturbative effects generate a super-
potential of the form [BF-B7]

l l
Wer(S1,...,S0) = > N;j(S;1og(A3/S)) + S;) + 2mi Y b;S; (2.4)
j=1 j=1

where the b; are integers defined modulo NN; that label inequivalent supersymmetric vacua.



Dijkgraaf and Vafa argued that the exact superpotential of the theory can be deter-
mined by considering a matrix model with potential W (®) [H, H

/dfi) exp( LTrw (@ ) = expz g2 (2.5)

where @ is an N x N matrix in the limit N — co. The integral has to be understood
as a saddle-point expansion around a critical point where N; of the eigenvalues sit in the
critical point a;. Note that N is not related to the N from the field theory. The glueball
superfields are identified with the quantities

¢
Si = gsNi ) S = Z Sz = gsN (2'6)

l
Weg (S, ..., S ZN] 55, +2mijSj (2.7)

where Fj is the genus zero free energy of the matrix model in the planar limit.
The central object in matrix model theory is the resolvent

1 1
w(x) = —=Tr — . 2.8
(@)= T —— 23

At leading order in the 1/N expansion, w(z) is valued on the spectral curve ¥, a hyper-

elliptic Riemann surface
1
2 IRV
= Wix)* + fo_q1(x)) . 2.

The numerical prefactor is chosen for convenience. In terms of this curve

w(x) = W'(z) — Ney(zx) . (2.10)

n (B-9), fr—1(z) is a polynomial of order ¢ — 1 whose ¢ coefficients are moduli that are
determined by the S;. In general, the spectral curve can be viewed as a double-cover of
the complex plane connected by ¢ cuts. For the saddle-point of interest only s of the cuts
may be opened and so only s of the moduli f;_1(x) can vary. Consequently y(x) has 2s

branch points and £ — s zeros:!

Y y? = Zm(x)?00s(z) (2.11)
where ¢/ = m + s and
m 2s
Im@) =[] -2),  owul@)=]]@-0). (2.12)
j=1 j=1

!Occasionally, for clarity, we indicate the order of a polynomial by a subscript.



The remaining moduli are related to the s parameters {S;} by (.6)

S; = gsN; = Nesj{ ydx, (2.13)

A;

where the cycle A; encircles the cut which opens out around the critical point a; of W(x).
Experience with the old matrix model teaches us that double-scaling limits can exist

when the parameters in the potential are varied in such a way that combinations of branch

and double points come together. In the neighbourhood of such a critical point,?

y? — CZy(2)?By(z), (2.14)

where zj,b; — xp, which we can take, without loss of generality, to be xyp = 0. The
double-scaling limit involves first taking a — 0

r=az, zi = az;, bj = ab; (2.15)

while keeping tilded quantities fixed. In the limit, we can define the near-critical curve
y_3
S Y2 = Zm(2)*B, (%) . (2.16)

It was shown in [f], generalizing a result of I, that in the limit a — 0, in its sense as a
complex manifold, the curve ¥ factorizes as ¥_ UX . The complement to the near-critical
curve is of the form

Y, yi = 2? T Ry () (2.17)

where Fys_,,(z) is regular at a = 0.

It is important to stress that the above singularities are obtained on shell [, . The
family of spectral curves (.14) corresponds to vacua of a given field theory. As such, the
family satisfies the F-term equations coming from the exact superpotential (R.7) relative
to the model and the choice of semiclassical vacuum. The solution to the problem of
engineering these singularities on shell, namely the problem of finding a field theory model
and tree level superpotential whose spectral curve exhibits the desired singularity in its
moduli space, is explained in detail in [fJ]. The case where there are no double zeroes,

m = 0, has been studied in [B§, BY, [I]. The tree-level superpotential can be taken to be
W(®)=Ne Try [®"T —U®] , (2.18)
and the relative on-shell spectral curve is
y? = (" — U - U2 . (2.19)

At each of the critical values U = U, n branch points collide and the curve has an A,,_1
singularity. For instance, as U — U,

Ve —(U-U) .

*We have chosen for convenience to take all the double zeros {z;} into the critical region.
3For polynomials, we use the notation f(z) = Hl(iffz), where f(z) =[[,(x—fi), = af and f; = afi.



In the a — 0 limit, it was shown in [ that the genus g free energy gets a dominant
contribution from 3 _ of the form

Fy ~ (Nalm+n/2+10)272% (2.20)

Note that in this equation N is the one from the field theory and not the matrix model N.
This motivates us to define the double-scaling limit [[I], fj]

a—0, N — oo, A = Na™ /241 — const . (2.21)

Moreover, the most singular terms in a in () depend only on the near-critical curve
(2.16) in a universal way.

Observe that eq. (R.2() matches the expected behaviour of the topological B model
free energy at the singularity [d]. In fact, as can be seen from (R.14) and (P.15)

A~ N/ydm . (2.22)

More precisely, the double-scaling parameter is proportional to the period of the one-form
y dz on one of the cycles that vanish at the singularity. Moreover, this one-form corresponds
to the reduction of the holomorphic 3-form €2 on the underlying Calabi-Yau geometry

wv +y* = W'(2)? + f(z) (2.23)

O— dudvdx
C Vu = W) = f(z)

This comes from the fact that 3-cycles in the Calabi-Yau correspond to two-spheres fibered

(2.24)

over the complex x plane. In particular

/Q ~ /ydx (2.25)

where ) is integrated on a vanishing 3-cycle in the Calabi-Yau that reduces to one of the
vanishing one-cycles in the matrix mode spectral curve. Putting everything together, we

find that
2—2g 2—2g
Fy~ A*29 ~ </ydm> ~ (/ Q) (2.26)

which is precisely the behaviour we expect for the free energy of the topological B model
on the Calabi-Yau [f], in agreement with the Dijkgraaf-Vafa correspondence. In section [,
we will review the proof of eq. (B-20), [[] using the algorithms of [[3, [4] based on the
matrix model loop equations and we will see relation (R.29) arise naturally. It is worth
stressing that this result is general, in the sense that it does not depend on the specific
kind of singularities one considers. In this particular respect, the methods used are more
powerful than ”old matrix model techniques”, where one is usually limited to considering

one-cut matrix model solutions.



3. The matrix model double-scaling limit: higher genus terms

In this section, we will be concerned with the behaviour of the higher genus terms of the
matrix model free energy in the limit a — 0. The most powerful methods for calculating
the F, involve orthogonal polynomials (see the reviews [L0]); however, these techniques
have only been successfully applied to the case when the near critical curve has at most
two branch points (but any number of zeros). The only known way to calculate the F,
in general involves analysing the loop equations and in particular using the algorithms
recently developed in [[3, [4]. In the following, we will review these algorithms and the
proof based on them that

Fy, ~ A*2% (3.1)

which was given in [[ll. As we said above, this is the behaviour we expect given the
Dijkgraaf-Vafa correspondence between the matrix model and the topological B model.

3.1 The loop equations

The p-loop correlator, or p-point loop function, is defined as

N 1 1
W(:Ul,...,xp)ENp_2<tr — .- tr A>
z1— P xp—(I) conn

_i(x) A
av P av

(3.2)

where we have introduced the loop insertion operator %(Cﬂ), which, given a potential

V(x) =Y, tex®, is defined by
d 1 d
— =— —_ . 3.3
v Zk: ZF T dty (33)

The p-loop correlator has the following genus expansion

o0

1
W(zy,...,xp) = Z NQQW(g)(xh Ce ) (3.4)

g=0

In [13], Eynard found a solution to the matrix model loop equations that allows to write
down an expression for these multiloop correlators at any given genus in terms of a special
set of Feynman diagrams. The various quantities involved depend only on the spectral
curve of the matrix model and in particular one needs to evaluate residues of certain
differentials at the branch points of the spectral curve.

This algorithm and its extension to calculate higher genus terms of the matrix model
free energy [[[4] represent major progress in the solution of the matrix model via loop
equations [Q—[[J]. This is particularly important because the orthogonal polynomial ap-
proach seems to fail in the multi-cut (> 2) case. A nice feature of these algorithms is that
they show directly how the information is encoded in the spectral curve. In particular, we
will be able to make some precise statements on the double-scaling limits of higher genus
quantities simply by studying the double-scaling limit of the spectral curve and its various
differentials.



Given the matrix model spectral curve for an s-cut solution in the form (R.I11]) the
genus zero 2-loop function is given by

1 o(xy)
Wi(xq1,29) = —
(z1,22) 2(x1 —22)%  2y/o(x9)(x1 — )2
, (3.5)
_ g (.%'1) + A(.%'l,.%'g)
4(1‘1—.%'2)\/0'(.%'1)\/0'(.%'2) 4\/0'(1'1) 0'(1'2) ’
where A is a symmetric polynomial given by
o~ Li(az)o(x1)
A _ i\ 42 1 )

(.%'1,.%'2) ZZ:; I — 0 > (3 6)

where

5—2 s—1
dx 1
Li(rg) = Liwh=— Lj(mQ)/ (3.7)
P P ol
and s is the number of cuts. The polynomials L;(x) are related to the holomorphic 1-forms

and defined in appendix [j

Lj(x)dx

T e a

The genus zero 2-loop function for coincident arguments is

wj‘:(sj'k, j,]{?:L...,S—l. (3.8)

_ _ (@) | (@)’ Az,
Wian o) = Jim, W) = ~5 60 T 6o@? T doter)

s 3.9
S o0 L (39)
B —~16(x1 — 03)>  160j(z1 —0i)  A(x1—03)
where o, = 0/(0;), o' = 0"(0;). The other important object is the differential
s—1
0'(562) 1 LZ(Cﬂl)
dSa2i—1(x1,x2) = dS2i(z1,22) = - =) Cji(x2)Lj(z1) | doy,
o(z) \T1— 22 \/o(x) ; e
(3.10)
where i =1,...,s and
dz 1
Ci(xo :/ . 3.11
]( ) A, m (.%' o .%'2) ( )

A crucial aspect of the one-form (B.10]) is that it is analytic in 5 in the limit x9 — 09,1
or oy; [L3]

-1
. dSZ‘(I'l,.%'Q) 1 1 s
1 = — E L
1m o

_ (m)/ dzx 1
To—0; \/@ \/m T — = I Aj v/ O'(CC) (1' — 1’2)

dzy . (3.12)

,10,



The subtlety is that in the definition of (B.11]), the point x5 is taken to be outside the loop
surrounding the j-th cut, whereas in (B.19), x2 is inside the contour. Note also that

2s s—1
o(x1)
A =— L; Ci(o; 3.13
(z1,22) ; ]Z:; j(22)Cj(03) o (3.13)
and in particular
A(ml, Ui) = [,Z‘(.%'l)O'/(O'i) . (3.14)
The expression of W) (x1,...,xp) can be found by evaluating a series of Feynman

diagrams of a cubic field theory on the spectral curve [[LJ]. To this end, define the set ’];,(g )
of all possible graphs with n external legs and with ¢ loops. They can be described as
follows: draw all rooted skeleton trees ( trees whose vertices have valence 1,2 or 3 ), with
p+ 2g — 2 edges. Draw arrows on the edges from the root towards the leaves. Then draw
in all possible ways p — 1 external legs and ¢ inner edges with the constraint that all the
vertices of the whole graph have valence three, namely that are always three and only three
edges emanating from any given vertex. Each such graph will also have some symmetry
factor [[[J].

Each diagram in then weighted in the following way. To each arrowed edge that is
part of the skeleton tree going from a vertex labelled by x; to a vertex labelled by zo
associate the differential dS(z1,z2) (B.1(). To each non-arrowed edge associate a genus
zero 2-loop differential G(x1,x2) = W (x1,x2) dr1 dxs and to each internal vertex labelled
by 1 associate the factor (26 Ny(x1)dx1)~!. For any given tree T’ € ’Z;,(g), with root z; and
leaves z;,j = 2,...,p and with p 4+ 2g — 2 vertices labelled by «},v =1,...,p+2g9 — 2, so
that its inner edges are of the form v; — vy and its outer edges are of the form v — j, we
define the weight of the graph as follows

p+29—2 2s

1 1 / /
v=1 i,=1 v Y inner edges v—w (315)

X H Go(zly, 2,) H Ga(y,, 5)

inner non-arrowed edges v/ —w’ outer edges v—j

In order to find an expression for F,, g > 1, one should consider the same graphs relevant

for W9 (1) and do then the following [I4:

i) Eliminate the first arrowed edge of the skeleton tree. Labelling the first vertex by z;
and the second vertex by x, this amounts to dropping the factor dS(xy,x2).

ii) The factor (26 Ny(x2)dz2)~! has to be dropped and replaced by

J2y(s)ds

N (3.16)

Note that when evaluating the final residues at xo = 0;, one needs to expand the above
integral by setting qo = o; [[4]. It is also understood that the evaluation of the residues

— 11 —



starts from the outer branches and proceeds towards the root. This procedure does not
apply for the genus one free energy whose expression has in any case been found via the
loop equations in [i4-[§].

We will consider the a — 0 limit of each element in (B.I7). In this respect, it is useful
to choose a new basis of 1-cycles {/L‘,Bi}, 1 =1,...,8 — 1, which is specifically adapted
to the factorization ¥ — ¥_ U X,. The subset of cycles with i = 1,...,[n/2] vanish at
the critical point while the cycles i = [n/2] +1,...,s — 1 are the remaining cycles which
have zero intersection with all the vanishing cycles. Using the results in appendix [A] for the
scaling of L, it is straightforward to argue that for a branch point b; in the critical region

dS;(z1,2) — dS;(%1,72) =

B(z2) 1 L@ —Zp:@j(fa)ij(fl) . (3.17)

B@E) \"' ~ %\ /B@,) =

where dS; is the analogous differential on ¥_, eq.(2-16), and L;(x) — a™/?7'L;(#) for
j < [n/2]. Conversely, the differentials dS;(x1,2z2) where i labels a branch point of the

spectral curve that remains outside of the critical region give a vanishing contribution in
the double-scaling limit. Likewise using equations (B.5), (B.6), (B-1) and (B.13) we have

G(ml,xg) == W(Cﬂl,xQ)dxlde — é(il,jg) == W(fl,fQ)djlde s (318)

where G (Z1,Z2) is exactly the 2-point loop correlator on ¥_.

So far we have seen that the double points of the near-critical curve do not play a
role in taking the limit of the differentials. However, this is not the case for the final two
elements of the Feynman rules

ydr — VCa™m/* Ly di (3.19)

and
ff y(s)ds . f; y_(8)ds
y(x)dx y_(2)dz

(3.20)

To summarize: what we have found is that all the relevant quantities reduce to the anal-
ogous quantities on the near-critical curve in the limit ¢ — 0. In particular, being careful
with the overall scaling, the genus g free energy has the limit

F, — CYIATHF,(Z.). (3.21)

where we have emphasized that F,(3¥_) depends only on ¥_. This is the result advertized
in (R.20) and the property of universality. Similiarly, the genus g p-point loop functions
have the limit

Wy(x1,. .. ap) dey - dxy, — CYIPRAZ20PW (7). &) dFy -~ dF, . (3.22)
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4. The genus one matrix model free energy

In this section, we will consider the double-scaling limit of the genus one free energy Fj
in more detail. This term gives information on the states that become massless at the
singularity [f, [[d]. The genus one matrix model free energy has been studied in the context
of the Dijkgraaf-Vafa correspondence in [, fg]. In particular, the authors of [if] proposed
an expression for a general multicut matrix model solution based on conformal field theory
arguments by Kostov [[[]] and Moore [£§]. This was later proved by Chekhov [[4] by means
of the matrix model loop equations. See also [, [[] for an expression of the matrix model
genus one free energy inspired by the correspondence with the topological B model. The
general expression is given by

4

. 12
Fi=—tog ([[ 20 | ] (0i-o) (iJ:det Nz‘j) (4.1)

-4 1,...,s—1
k=1 1<i<j<2s

where s is the number of cuts of the matrix model solution and

xifl
Nij:/ dx i,jzl,...,S—l (42)
A; \o(x)

' ldx
Vo(z)

was derived in [[[4] by considering the genus one 1-point function W=D (z) and explicitly

are periods of the holomorphic one-forms on the reduced spectral curve. This formula

inverting the relation

L) =W () (43)

In the previous section, we have seen that in the double-scaling limit
_ 1 -
W=D (z) - ZW(D(@ (4.4)

where W) (%) is the genus one one-point function relative to the near-critical spectral
curve M_

y2(%) = Zi(2) Bu(Z) - (4.5)

We can actually absorb the factor of A in the definition of the curve itself

y? = A*Z, (i) Ba() . (4.6)
Thus we obtain
A F =WV - G = -L@)h . (47)
av av
We can relate the loop insertion operator %(1‘) to %(i) as follows. Thanks to the iden-
tity (4, [4]
do; (1) 1 < 1 >
v =X = N e \e—a 9

,13,



where the differential Xgl)(x) is defined in (B.1)), we find

do; 1 - (1), ~ dc; , . do; , .
%(aﬁ)a - a = <~ ~'—|—--->dalc:a)(il)(gv):a J~(x): q(m)
This implies that
d d .
W(m) — ﬁ(aﬁ) . (4.9)
Therefore, by ({.7), we conclude that in the double-scaling limit
4
R 1 no N 12
Fr - = —ﬂlog A”HZ(&Z) H (5’1—5'j) ( '_ldet NZ]> s
i=1 1<i<j<n Bi=Lnln/2)

(4.10)
where Nij are periods on the near-critical spectral curve ¥_. This is strictly correct only
modulo the addition of a constant, but this plays no role when one considers general
correlators obtained from Fy like W (z) in ({.3). We also see that the double-scaled
free energy depends in general on the structure of the near-critical spectral curve. In this
respect, observe that the general expression of Fy, eq.(f.1]), depends on the basis of A-
cycles we choose on the spectral curve. Upon a change of basis, which would correspond
physically to an electric-magnetic duality transformation, F} changes non-trivially. The
expression (fl.1(J) contains an implicit choice of basis in which the degeneration of the
original spectral curve ¥ into ¥ UY_ is made manifest [fl, f]. In particular, as in section [,
we choose a basis such that [n/2] of the starting A-cycles shrink at the singularity and
reduce to A-cycles on the near-critical spectral curve X _.

In the case of the A, _; singularities studied in [, where the near-critical curve is

P = Bul®) (@11)
we find that in the limit A,y — 0
n
F1 — _ﬂ log A(n) . (412)

In particular, for the conifold singularity, n = 2, we retrieve the well-known result

1
F1 = —E log A(Q) . (413)

In the case of an ”"old matrix model” singularity, where m double zeroes collide with
one branch point of the reduced spectral curve, oy, and correspondingly the near-critical
spectral curve is trivial, eq.() yields
1 =
F, — ~ log A Z(69) (4.14)

which is indeed consistent with the result given in [{(].
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The divergence of F and equivalently of the topological B model free energy Fip 1 in
the limit A — 0 indicates that there are states in the field theory that become massless
at the singularity [, [d]. Consider type IIB string theory compactified on a Calabi-Yau
space in the proximity of a conifold singularity. Vafa argued that ([..13) is consistent with
the appearance of a single massless 4d A/ = 2 hypermultiplet in the low-energy theory [f].
Similarly, type IIB compactified on a Calabi-Yau in the proximity of an A,,_; singularity
yields a 4d N' = 2 theory close to an Argyres-Douglas point where mutually non-local
electric and magnetic particles become massless [50-F3J]. These extra massless particles
also appear in the A" = 1 theories studied via the Dijkgraaf-Vafa matrix model [BS, [1, [§].

Vafa also made a proposal about a general expression for Fj

- 1
Fi=R+F=-7 > logm? (4.15)
BPS states
where the sum is over BPS states of the N' = 2 4d theory. These states can be electrically
and magnetically charged and come from D3-branes wrapping a supersymmetric 3-cycle
C; in the Calabi-Yau. Their mass is given by

m; —_— .

— _ 4.16
T ann (410

This is a generalization of the conifold result (1) where m? = |A|? and, as stressed
in [fi], it might not be the full answer. For A,_; singularities with n odd, the genus one
expression ([l.1) is indeed not matching the proposal (f.1§). This is probably due to the
fact that the states becoming massless are mutually non-local. It would be interesting to
understand better the nature of this result.

5. Evaluation of the genus 2 free energy

For one-cut matrix model solutions the method of orthogonal polynomials allows to evaluate
the matrix model free energy at all genera [[[(]. In the case of multicut solutions, this
technique is not generally available. In order to evaluate higher genus terms in the free
energy, we will resort to the recently developed algorithms that provide an exact solution
to the matrix model loop equations [[LJ, [4] that we reviewed in section [J. In particular, we
will find the expression for the genus two free energy in the case where the spectral curve
has no double zeroes. This is relevant for the A,_; singularities considered in [fl].

The genus two (f.20) and the genus one ([.1() results show that the double-scaled free
energy depends in a complex way on the details of the near-critical spectral curve. However,
we will see that in the simplest case, namely the conifold singularity, this dependence is
trivial and the expressions simplify drastically. This is due to the fact that it is possible to
choose a basis of A-cycles on the original spectral curve, before the double-scaling limit, in
such a way that the the near-critical curve has genus zero, it is a Riemann sphere. Thus
we recover the known result [d

1

2 2 2 2
u vty +z I 2 2402

(5.1)
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X2
X3 X2 X3
X1
X1

Figure 2: Diagrams (I) and (I1).

The explicit evaluation of F involves calculating three Feynman diagrams (see figures [

and ). Diagram (I) is equivalent to

dxs3 dxo dx fxgy(s)dstx,x dS(xo,x
(I):/ 3 3w 3 o (3. 72) (903,962)MW($179€1)
Ccessceascn 20 21 2w y(xs)des  2y(w2) 2y(x1)
dis dis [y Y(8)ds d
:/ igfi%fqo ( ) S(xg,:ﬂg) W(m'g,.%'z) W(l)(.%'z) ) (5.2)
Cr3scme 20 2mi y(w3)drs  2y(w2)
Diagram (I7) is
"5 y(s)ds
(II) _ / %@% fqo y( ) d5($3,$2) d5($2,$1)W(m37x1)w(m2’x1)
Cmsscersom 2 2mi 2mi y(zg)des 2y(we)  2y(z1)
dis dis Jg) Y(s)ds d
:/ iﬁ}li?fqo (s)ds dS(z3,x2) W (i3, 9, 79) . (5.3)
cesscre 270 2m0 y(xs)drs  2y(z2)

Similarly, diagram (I11) gives

das [, y(s)ds dzy d dxy d
(m):/ ﬁM/ L;MW@I,M)/ day dS(z,32)
ces 2 y(xs)dxs Joor 2w 2y(zq) o2 21 2y(x2)

_ / dag Joy Y ) 0 ) (5.4)
C

g 270 y(x3)drs
Finally, as shown in [[[4]
9Fy = 2(I) + 2(11) + (I11) . (5.5)

In the following, we will only consider cases where the spectral curve has no double points,

and we will set
y? = %0() . (5.6)
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Figure 3: Diagram (II7).

(I): Using the expression of W) (z) evaluated in the appendix ({C.9) and the differen-

tials Xz(n) (z3), (B-2)(B.6), we find

d.%'g dS(m'g, 1‘2)

2 EA\Sy m2) (1)
/;12 270 2y(1’2) W('I?),‘TQ)W ('I2)

2s
N AWC) 1 9 ai 3 L@
- Zzl % |:160_Z/ G($3,Uz)X2‘ (:E3)+ <160'Z, 8272 G(:C3ax2)|1'2=(7i 32O_£2G('I35 UZ) XZ (:E3)
30l? — 20l0lV 1 9?2
<1%—U£3G(9€3, i) + 32—(7;8—96%G(9037902)\x2:ai
O'gl (9 (1)
- e Gl s, 1)
5(2) 0 1 . G(x3,0;
#6000 LT D)+ X (P 00+ 8,100 ) CE T D o
7 7 1O 7i
B;
+ ?G(%Ji)xgm (z3) (5.7)
B; 0 Bjo! Li(o;) 1
(O__ga—mG(x37x2)’$20'i - FZQG(%&W) + B; o G($370i)> Wws)|,
where we introduced the following notation
o(z3) o'(x3) A(xsz, x2)
G(x3,x2) = - + , 5.8
( ’ 2) 2(553 - 562)2 4(.%'3 — 1‘2)\/0'(1'3) 4\/0'(.%'3) ( )
2s
Li(w2)o(z1)
A pu— .
(1’1,1’2) ; T, — 0; ) (5 9)
~(n) (n) 1 (n)
Xy (2) = 2eV/o(z) X, (2) = o +L,7(2) |, (5.10)
s—1
dx 1
LP%) = =S Li(x / , 5.11
2 (w2) Z @) | S (5.11)
o = o'(0y), ol =d"(0;), .. (5.12)
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We find that

Z/ dl’g fA )dS
T 4e? Cws 270 x3)3/2
2s 1
X;[@G(%,Uz)x (z3)
1 6 ~ O'gl A A(2)
+ <W8—G(x37x2)‘1‘20i - 32—0{'2G($3’Ui)> Xi (x3)
30!? — 20l . 1 0% .
(WG(%,UZ) 32—(7;8—9650(963,902)!@:@
O,I/ 8 o
320,/2 axQG(x3’x2)|:B2=0¢>Xz(‘ )($3)
42)( (2 L(1) G(z3,00) (1)
G, ) D ) 43 (G )+ By o)) S
J#i
B; » (2 B; 0 B; O'”
+ U—;G(Cﬂg,ai)xz( )(563) + <0_ ax G($3,$2)|x2 o %0 ,2 G(CEg,O'Z)
Li(o;) A .
+ B; i’- )G(l“:s,ﬂz‘)) XZ( )(563)} (5.13)

where

$3,0'k =o(x3) G(xs,op) . (5.14)

The next step is to expand

f;:’ o(s)ds
o (x3)3/?

in the proximity of the branch point oy, itself [[[4]. Setting € = 2 — oy, we find

[ Vo(s)ds 2

( 1+ C1,k€ + 027]?62 + 037]?63 + 0(64) )

o(x3)3/2 30,
where
307 3(807? — 5o.oy) 60073 — 760,00} + 10507207
Cl = 02 = C = —
AP * 70072 Bk 315073
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Finally

(1) = i 1 1 / 3,107, N ek A(og, o)) N ch(GA(l’O)(ak,ak) —a)
— 6e20), | 1607}, 4 4 24

6A20 gy, o) + 120k£(3) (o) — J}J”)

48
3cs,107), + 2,107 N 1.1 (640D (o, 01) + ol + 18J§€£§f) (ok))
16% 24
(ak or) a;;c;”(ak) +30,L@ (o) By o
4 o, 3202
2 kajc crpA(or, o) 6A00 (ah, 0p) — o + GU;CEECQ) (ok)
x | 2R L -
4 4 24
Bk O']/c/ 362-,190—;9 O'Z + 30—2£k(0k)
* <a;€ 32072 g e 1
N 6AD (o4, 01) + o' + 60} Li,(0k) + 180,.L) (o%)
24
n 1 : 5¢3, 107, ook 207 + 5A(ok, o) . o) + 4o} Ly (o) + 1007,L). (ok)
3207\ 2 2 4
n 6A02) (g4, 0%) + ol + 60y Li(ok) + 2407 Li(ok)" + 300, LY (oF)
24
307? — 20k0"’ Bka Li(ok) E,(f) (ok)
+ By +
192073 202 oy, 1607,
L1 o o(1) c1,k0y, | Aok, or)
B ’ 1
3 o (G0 + B ) ) (24 + 2 (5.15)
J7#k
where we used the notation
o ot &
Al) = ———A : 5.16
(@,9) = 55 By (z,y) (5.16)
(IT): Using the expression of W (x2, 72, 23), eq. (IC.4), we find
d$2 ds T3,T2
/ —'¥W($3,x2’x2)
ce2 2w 2y(x2)
2s
_ L (3) Aoy, 04) 1) )
=3[ e+ (HE 25 ) e
AL (g, o Aoy, 09)? o 1 ol Ao;, 0 1
+ ( Iz i) (0 /21) 9i Z ;- ( 32 i) Xz( )(x3)2 (5.17)
8o 160 16 ey oi(oi — o)) 160

1 o + U/'z A(os,0)?  Aloioj)(0; —01)\ () (1)
+Z<16(0’j—0i)2< olo’ * 1601’-03- * 16(o; — 0j)0l0”; Xj (za)x;” (ws)]

L
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Similarly for (/1) we find

251 [es 5123)(0'19) Co ClLk (1,0
(H):Z—[_’Jr + —= A(op, o%) + —= AV (o, 0,)

— 6207, | 16 16 1607, 1607,
1 Alog,08) 0oy
A(2_0) ) _ k
* 320, (8, 03) + 807 3207,
c1x Ao, o) + AL (o4, 0
" (CQ,H.C,?’(@) 4 kAo Ao 7)
Tk
N A(lvo)(ak,ak) A(Uk,Uk) o'k 1 UZA(Uk,ak)
807, 16072 16 pur o(o — 0j)? 16072
2A(oy,
y (Cl’k +M)
Ok
o2+ 0’2 Aoy, 04)?
9 k J + ks 95
N Z 16(o; — op)? oo 1607,0"
J#k g I A
A(O’k,d)( J) 1 Ao, 0

(III): From egs. (b.4) and (C.9), we find

2s 9 )
HEDY ! {C&k +2¢1 1L (o3) + 2L (04)

620, 256
k=1
Cl,k 1 (2) 1 2 (2)1
+--c ———5 + L7 (o%) | + =3 — e + L (or) | +
128 ; (o) —0;)? J 128 J;C (o —0;)3 J
B c1 Aok, o) + AL (o, o
oyl i) £ A0
Tk
c 1 Alo;, o 1 1 ALY gy o
+ZBJ<1?’R< . (],k)>+§<_ - (,k i)
o O — 0 o5 (o) — 0j) o5
By, 1 @) 5 Aok, ok)
— — + L B 22—
T3 Z ((Uk_aj)z + L7 (o%) | + Bi; | e + o
J#k
1 Aoy, 0
+2B; Y B < LAl b J)>]. (5.19)
: o) — 0 o’
J#k J
Therefore, the final expression for the genus two free energy is
_ Z 1570;'3 491U§/U§” B 3507 3502/214(01-,01-) B 1107" A(04, 04) B 495} A(0:,04)?
=z 153600’4 460800;° 307207 7680, 5760,° 6400

5A(0i,00)° 370/ LP(03) | Alos,00)L5 (o)  13LP(01)  5L5(03)  110)Li(0)
960" 2560072 24072 15360 38407} 768072
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+A(m,m)£§(a¢) + 5L{(0i) 470! AOV (55, 04)  5A(0i,0:) A (04, 04) + ACD (0, )
32012 7680 768003 38403 76802

78902’A(1’0)(0¢,0¢) O’;/A(l’o) (0i,04) 7A(O'i,di)A(l’0) (0i,04) + A(l’l)(ai,ai) 5A(2:0) (O’Z‘,O'i))

384003 160072 96073 38402 76802
1 7 1 1 7

2s 2s 1 0_3
82 ZZ ( 768(c; — 0j)30, + 48(0i — 04)30] * 48(0; — 05)30)?

=1 j#i

" " " " __rn
a; a; g 0;0;

~ 384(0; — 0j)20:2 + 10(0; — 0j)%0}07 t 1536(0; — 0;)%0}0}; Tt 384(0; — 0j)0i20".

n A(oi, 04) _ Ao, 04) B o Ao, 04)
128(0; — 05)20;2  3(0i — 0j)%0j0;  128(0; — 04)0}%0]

J

n A(oi,05) L Aoiyo5) Ao, 05) oi'ci Alos,05)  ofciAloi,05)
24(0; — 05)%0}2 ' 48(0s —0;)%0%?  48(0i — 0;)%00); 5120}2072 15360/3 ’

0 A(0i,0i)A(0i,05) 0] A(0i,01)A(0i,05)  A(oi,05)° A(oi,05)° A(%Uj)?’

19201’.20}2 384030 y 48(o; — ])0;032 24(o; 703)0’203 480{203-2

A(UJ7UJ) Uz’ A(Ujvo-]) A(Uha-i)A(U]vU]) _ Ui A(Ui7UJ)A(UJ7Uj)

- 384(0 — oj)2o}o  96(0; — o0, o!?a’ 32(0: — 0j)0l0" 1280720 ’2
J J J J J

70—;/‘4(02'70-])"4(0—]70]') + A(o-iva-i)A(o—HU])A(o—ﬁo—j) + A(O’i,O'i)A(O'“O'J)A(O'j,O'j)
38400’ 480)%0"? 960,

ol £ (01) A<am>£§~”<m> £'(01) oy ACD(0i,0)) A(aﬁaj)A(O’”(ai,aj)) (5.20)

+
51207? 19207 15360 1536007 38400}

Let us consider the limit

y? = 2o9,(x) — €% (2° — a®) , a—0 (5.21)

where s of the branch points come together. In the double-scaling limit

a—0, e—o00, A=ea®*""=cnst (5.22)
we find
F,(>_
F, — %, Sy =50 - (5.23)

as explained in section . However, the final result will not simplify in general. In fact, it
depends on the details of the near-critical spectral curve, which has genus [(s — 1)/2]. An
exception to this is given by the case of the conifold singularity, where the original spectral
curve becomes in the limit

v’ ~e*(x —a)(x —D), a,b—0, (5.24)

which is essentially the spectral curve associated to a Gaussian matrix model [§. As in
section [, it is convenient to choose one of the A-cycles of the original spectral curve to
be a loop encircling the cut going from branch point a to branch point b. This cycle will
reduce to an A-cycle on the near-critical spectral curve

y2 =5(&) = (¥ —a)(& —b) (5.25)



where, as before, the tilded quantities are finite in the limit a,b — 0. The above near-
critical curve is actually a Riemann sphere. In particular, one can check by evaluating the
residues of all the integrands at infinity that all periods of the form

/ dz 1 (5.26)
A6 (@) (= 0i)" '
are zero. The expression of Fy simplifies dramatically
4 1
F: — =— 5.27
27 T15e2(a— b 24082 (5:27)
where )
—b
S:/ydxHMNA, (5.28)
A 8
and in terms of S the genus zero free energy is given by
Fp ~ =§— ~ — I . 2
0 25 39 25 og S (5.29)

Thus, (f-27) indeed matches the expected result for the genus two free energy at a conifold
singularity [[], which is equivalent to the ¢ = 1 non-critical bosonic string [R0]. This
particular singularity is obtained from a 2-cut solution with a cubic superpotential in the
limit where the two cuts touch each other. The fact that this limit should be equivalent to
the ¢ = 1 non-critical string was also observed in [RJ].

6. Conclusion

The class of matrix model DSLs that are associated to the large N field theory DSLs
introduced in [f]] define a class of ¢ < 1 non-critical bosonic strings [f]. They fall into
different universality classes from the ones usually considered in the old matrix model.
We argued that these non-critical bosonic strings are related to the topologically twisted
non-critical superstring backgrounds of the form SL(2)/U(1) x LG(X™) that are dual to
the large N double-scaled field theory and the associated four-dimensional double-scaled
LST at the corresponding A, _; singularity.

To study the matrix models, and the relevant multicut solutions, we used the techniques
of Chekhov and Eynard based on loop equations. We showed in general that the scaling
of the higher genus terms in the perturbative expansion of the matrix model free energy
matches precisely the scaling of the topological B model free energy in the vicinity of the
Calabi-Yau singularity, which is consistent with the Dijkgraaf-Vafa correspondence.

We also evaluated the genus one and two terms explicitly for the spectral curves that
are related to A, _1 singularities, recovering the conifold result in the n = 2 case. These
techniques allow to study multicut solutions where the ”old matrix model” tools are not
generally available, but further work would be needed to find the exact expression of the
perturbative matrix model free energy at all orders for the A,,_1 singularities with n > 2.
The direct computation of higher order terms is more cumbersome but could be performed
with the aid of a computer. One might be able to find an exact expression by deriving

— 22 —



recursion relations for the coefficients of the genus expansion for this particular class of
singularities. However, this might require a different approach from the loop equations,
in particular an extension of orthogonal polynomial techniques to multicut matrix model
solutions. It would also be interesting to check if this perturbative series needs a non-
perturbative completion like in the conifold case. Such completion should correspond to
D-brane effects on the non-critical string side as in [FJ. One should also perform the
topological twist of the SL(2)/U(1) x LG model and determine the non-critical bosonic
string explicitly.

Finally, it would certainly be interesting to use independent techniques to rederive the
topological quantities evaluated in the paper and in particular find the relation between
the BCOV algorithm [ to evaluate the topological B model free energy for the non-
compact Calabi-Yaus that admit a matrix model description and the algorithm of Eynard
and Chekhov for the matrix model free energy. This point was recently addressed in [F4].
Showing the equivalence of the two procedures would amount to a proof of the Dijkgraaf-
Vafa conjecture at every order in the genus expansion.
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A. Some double-scaling formulae

In this appendix, we consider the double-scaling limit of various quantities defined on the
curve ¥ (B10)). This is most conveniently done in the basis {A;, B;} of 1-cycles described
in section B In particular, for i < [n/2] these are cycles on the near-critical curve ¥_ in
the double-scaling limit.

The key quantities that we will need are the periods

i1 i1
B; \/o(x) A; \/o(x)
First of all, let us focus on N;; where j < [n/2], but ¢ arbitrary. By a simple scaling

argument, as a — 0,

bt i—1 A bry mi—1 , -
Ny = / U dr — qi—"/2 /~(]) T di = gt—"/2 fl-(]N)(bl)7 (A.2)
b bGy 1/ B(%)

G VB)

for some function fZ(JN) of the branch points of ¥_. Here, b(ij) are the two branch points
enclosed by the cycle /Nlj. A similar argument shows that M;; scales in the same way:

My — a2 £ (@) (A.3)

So both N;; and M;;, for 4, j, < [n/2], diverge in the limit « — 0. On the contrary, by using
a similar argument, it is not difficult to see that, for j > [n/2], N;; and M;; are analytic
as a — 0 since the integrals are over non-vanishing cycles.
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In summary, in the limit ¢ — 0, the matrices N and M will have the following block

(0) (0)
N — N NZ"S' M — M- M("g (A.4)
0 Ny 0 My

structure

where by — or + we denote indices in the ranges {1,...,[n/2]} and {[n/2] +1,...,s — 1}
respectively. In (A.4), N__ and M__ are divergent while the remaining quantities are
finite as a — 0.

We also need the inverse L = N~!. In the text, we use the polynomials L;(z) =
Zz;ll ijxkfl, which enter the expression of the holomorphic 1-forms associated to our
basis of 1-cycles,

% Wi = 5@‘ . (A5)
A;

These 1-forms are equal to

wy(a) = B gy _ 2k L™ ]é w;(z) = 0y (A.6)
o(z) o(x) A;
where 7,5 = 1,...,s — 1. From the behaviour of N in the limit a — 0, we have
N7t N -1
L=N"!— oy | N=-NINO (VD) A
0o (~)

Since N__ is singular we see that L is block diagonal in the limit ¢ — 0. This is just an
expression of the fact that the curve factorizes ¥ — ¥_ U3y as a — 0. In this limit, using
the scaling of elements of L, we find, for j < [n/2],

N/Z] (N)
Wy — (f = ) df = (:Jj (AS)
B(z)
the holomorphic 1-forms of ¥_. While for j > [n/2],
(0) k—n/2—1
N. x
W — Zk>[n/2 ( ++)]k da, (A.9)

are the holomorphic 1-forms of 3.

B. The explicit expression of XZ(") (p)

Using the formalism developed in [[J] and [[4] to solve the matrix model loop equations,
one can easily find the expression of the differentials Xgn)(p) defined by

(& = 2m0) " ) = 5+ (B.1)

— 24 —



where o; is a branch point of the matrix model spectral curve. These 1-differentials appear
quite naturally in the expression of higher loop correlators in the matrix model and in the
integration steps leading to F5. We have

() () — Res dSi(p,q) 1
Xi ( ) =R q—0; < 2y(q) (q . Uz)”) (BQ)

Given the expression of dS;(p, q), we can easily perform a Taylor expansion in g around the

branch point ¢; and find the residue. We will mainly consider the case where the matrix
model spectral curve has no double points, setting

y? = %03() . (B.3)
In this case
dSi(p.q) _ dSi(p,q) _ 1 1 Li p
y(q) evo(q) eyolp) \P—¢q le 7 / Vo (z—q) b

Note also that the expression in brackets is analytic in g. Then, for instance, we find that

) _ 1 o ‘ dx 1
Xi (p) 26\/@ Py ]Z:; Lj(p) /Aj U(:C) (.%' — Ui) dp

1 1 1 1 A, m))
= + L; dp = + d B4
2e\/a(p) <P— g (p)) P 2e\/a(p) <p— Ti o; v (B4
s—1
(2) 1 1 dx 1
Xi (p) = -2 Li(p) dp (B.5)
2e\/o(p) \ (p — 0i)? ]Z:; ’ A; Vol(z) (@ — 0;)?
and in general
(n) 1 1 a1t s
Xin (p) = 1 7 -1 ZLJ / |q=o¢dp
2e\/o(p) (n — 1)l dg ot Jo(x) (x — q
(B.6)
The above expressions can be generalized to the case where the spectral curve is of the
form
y? = M(x)%o(z), (B.7)
s—1
(n) 1 1 a1 1 / dz 1
X; (p)= - -2 Lilp =o;dp -
») 2y/o(p) (n—Dldg"t M(q) \ p—q Z i(?) A, o(z) (x—q) o

C. Evaluation of W1 (p) and W(p, p, q)

In this section, we are going to evaluate two loop-functions whose expression is needed later
for Fy, the genus one one-loop function W(l)(p) and the genus zero three-loop function
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W (p,p,q). Let us start from W) (p). Using the diagrammatic rules of [[[J] we find

> dSi(za,x1)
1) — ) i\ 42, L] 1
W () ;Resm_m (7234(3:1) W(xl,m1)> (C.1)
2s
_ dSi(x2,21) 1 B;
= ileGS:mHUi |: Qy(l'l) <16(.%'1 — O'Z')2 + T, — 0Z>:|
2s 1
= EX?) (22) + Bix( (22), (C.2)
i=1
where
B (o) 1 Aoi,00) | o"(o;) Aoy, 04)
Bz | oo T o=y T a0 | "\ T6e) T a0y ) ()

JF#i
This is exactly the expression given for instance in [[[4], once we use the identity
A(O'Z',O'i) = EZ(O'Z) 0',(0'@') .

Then, let us evaluate the genus zero 3-loop function with two coincident arguments W (xa,
x9, x3). We find

dSi(.%'Q, .%'1)
2y(z1)

S (o4 92,0
=3 Resy | ) (4( o'o) |, Al z>>

2s
W (zg,x9,x3) = ZReswl_,gi ( W(xl,xg)W(xl,x3)>
i=1

1‘2—0’2‘) 0'(1'2) 4 0'(.%'2)

( 0"(0'@) n A(.%'g,o‘ﬁ) 1 :|
Azs — oi)\/o(w3)  4y/o(x3) ) o'(0i)(z1 — 03)

2s
B o' (o) A(r2,09)
B Z <4(.%'2 - Ui) 0'(1'2) - 4 0'(-%'2)>

=1

( o' (o) +A<x3,ai>>x§”<xz>

4(1‘3—0@) 0'(1'3) 4 0'(.%'3) O'I(Ui)

2 20'(01) (1), va. (1)
= ZTXZ (5'32) Xi (333) . (C-4)
=1
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